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INTERSECTIONS OF SYMBOLIC POWERS OF
PRIME IDEALS
SEAN SATHER-WAGSTAFF
Abstract
Let (R,m) be a local ring with prime ideals p and q such that
√
p+ q = m. If
R is regular and contains a field, and dim(R/p) + dim(R/q) = dim(R), we prove that
p(m)∩q(n) ⊆ mm+n for all positive integers m and n. This is proved using a generalization
of Serre’s Intersection Theorem which we apply to a hypersurface R/fR. The general-
ization gives conditions that guarantee that Serre’s bound on the intersection dimension
dim(R/p) + dim(R/q) ≤ dim(R) holds when R is nonregular.
1 Introduction
Let k be an algebraically closed field of characteristic 0 and Adk the d-
dimensional affine space over k. That is, Adk = Spec(S) where S is the
polynomial algebra k[X1, . . . , Xd]. Let Y and Z be closed subvarieties of
Adk that intersect at a finite number of points, and assume without loss of
generality that the intersection contains the origin. Let f be a nonzero reg-
ular function on Ank that vanishes on Y ∪ Z, and let m and n denote the
orders of vanishing of f along Y and Z, respectively. That is, all the partial
derivatives of f of order at most (m−1) vanish identically on Y and at least
one mth order partial does not, and similarly for n. It is reasonable to ask,
in this case, what the order of vanishing of f is at the origin. Of course, if
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r = max{m,n} then f vanishes to order at least r, and the following easy
example shows that, without additional hypotheses, this bound is sharp.
Example 1.1. Let d = 3, Y = V (X1, X2) and Z = V (X2, X3). Then Y
and Z intersect precisely at the origin, and the function X2 vanishes exactly
to order 1 at every point of Y and at every point of Z. In particular, X2
vanishes exactly to order 1 at the origin.
One may feel somewhat cheated by this example since X2 is an “essential”
defining polynomial for both subvarieties. The existence of this polynomial is
objectionable for another related reason. In our example, we are considering
two lines in 3-space, and in general, two such varieties will not intersect. In
fact, our lines intersect exactly because they are coplanar, and more specifi-
cally because they live in the plane defined by the vanishing of the “offend-
ing” polynomial X2. If we consider two lines in general position, that is if
we “wiggle” the lines slightly, then they will generally be pulled away from
one another; the question of vanishing of functions at an intersection point
is then meaningless. This suggests that we should demand that the objects
under consideration be well-behaved under “wiggling.” In order to guarantee
this, we recall a classical theorem from algebraic geometry which states that,
under our initial hypotheses, dim(Y )+dim(Z) ≤ d. We shall refer to this as
the Classical Intersection Theorem. In addition, when dim(Y )+dim(Z) = d,
the varieties will intersect generically at a finite nonempty set of points. In
Example 1.1 this inequality is strict, and we can directly attribute this to the
smooth hypersurface V (X2) containing Y and Z. What can be said about
orders of vanishing if we assume that the subvarieties satisfy the additional
hypothesis dim(Y ) + dim(Z) = d? To motivate our answer, we consider the
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following example.
Example 1.2. Assume that d is at least 2 and fix an integer i between 1 and
d−1. Let p = (X1, . . . , Xi)S, q = (Xi+1, . . . , Xd)S, Y = V (p) and Z = V (q).
Then Y and Z intersect at exactly the origin and dim(Y ) + dim(Z) = d.
Zariski’s Main Lemma on Holomorphic Functions [25] implies that a nonzero
regular function f vanishes to order m at every point of Y if and only if
f ∈ p(m), where p(m) = R ∩ pmRp is the mth symbolic power of p. In this
case, the ordinary and symbolic powers of p agree, so f vanishes to order m
at every point of Y if and only if f ∈ pm. Similarly, f vanishes to order n at
every point of Z if and only if f ∈ q(n) = qn. It is straightforward to show
that, in this case
p
(m) ∩ q(n) = pm ∩ qn = pmqn ⊆ mm+n.
Therefore f vanishes at the origin to order at least m+ n. That is, the sum
of the orders of vanishing along Y and Z gives a lower bound for the order
of vanishing at the origin. One can easily construct examples to show that
this bound is sharp.
This example leads us to ask the following question.
Question 1.3. Let k be an algebraically closed field of characteristic 0, and
Y and Z closed subvarieties of Adk that intersect at finitely many points, in-
cluding the origin, and such that dim(Y ) + dim(Z) = d. If f is a nonzero
regular function on Ank vanishing along Y and Z to orders m and n, respec-
tively, does f vanish to order at least m+ n at the origin?
As a corollary to one of the main results of this paper, we answer this
question in the affirmative. See Corollary 2.4 below.
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The discussion preceding in Example 1.2 suggests a purely algebraic for-
mulation of Question 1.3. We state the local version as part of Conjecture 1.6
below. Before we do so, we present a somewhat more algebraic motivation for
this question. We include it, not only because the methods we use to answer
Question 1.3 are purely algebraic in nature, but also because it indicates how
we originally came to consider these ideas.
Let (R,m) be a local, Noetherian ring with prime ideals p and q such
that
√
p+ q = m. Serre [23] generalized the Classical Intersection Theorem
by proving that, if R is regular, then
dim(R/p) + dim(R/q) ≤ dim(R).
We shall refer to this result as Serre’s Intersection Theorem. When R/p has
finite projective dimension (true automatically if R is regular) Serre defined
the intersection multiplicity of R/p and R/q as
χ(R/p, R/q) =
dim(R)∑
i=0
(−1)iℓ(TorRi (R/p, R/q))
where ℓ is the length function. When R is regular and unramified, he proved
that χ(R/p, R/q) ≥ 0 with strict inequality holding if and only if dim(R/p)+
dim(R/q) = dim(R). He conjectured that the same holds true if the ring is
ramified.
Independently, Roberts [18] and Gillet-Soule´ [5] proved the vanishing part
of the conjecture in the ramified case: if dim(R/p)+dim(R/q) < dim(R) then
χ(R/p, R/q) = 0. Gabber [1, 8, 19] proved nonnegativity: χ(R/p, R/q) ≥ 0.
The Positivity Conjecture is the converse to the vanishing result and is still
open in the ramified case.
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By applying Gabber’s methods to the Positivity Conjecture, Kurano and
Roberts [12] proved the following.
Theorem 1.4. Let (R,m) be a regular local ring with prime ideals p and q
such that
√
p+ q = m and dim(R/p)+dim(R/q) = dim(R). If R is ramified
or contains a field and χ(R/p, R/q) > 0, then p(m)∩q ⊆ mm+1 for all positive
integers m, where p(m) is the mth symbolic power of p.
Because Kurano and Roberts expect the Positivity Conjecture to be true,
this result motivated them to make the following conjecture.
Conjecture 1.5. Let (R,m) be a regular local ring with prime ideals p and q
such that
√
p+ q = m and dim(R/p)+dim(R/q) = dim(R). Then p(m)∩q ⊆
mm+1 for all positive integers m.
There is a significant amount of interest in the properties of symbolic
powers of prime ideals in regular local rings. In addition to the paper of
Kurano-Roberts, the interested reader should refer to [4, 9, 10, 11].
Theorem 1.4 shows that Conjecture 1.5 is true for regular rings contain-
ing an arbitrary field since positivity holds for these rings. In their paper,
Kurano and Roberts verify the conjecture, with no reference to positivity,
when R contains a field of characteristic 0. They prove this by first demon-
strating that, if p ⊆ m2 then p(m) ⊆ mm+1 for all m ≥ 1; they then reduce
the general case to the case where p ⊆ m2. Curiously, the proof makes little
reference to the second prime q. The current author [21] has verified the
conjecture, again with no reference to positivity, when R contains a field of
arbitrary characteristic. This is accomplished by first proving a generaliza-
tion of Serre’s Intersection Theorem and applying it to a hypersurface R/fR.
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We discuss the interaction between such generalizations and Conjecture 1.5
(and its generalizations) in greater depth below. We note that Conjecture 1.5
is still open in mixed-characteristic.
Theorem 1.4 is immediately applicable to Question 1.3, as follows. Let Y
and Z be closed subvarieties of Adk that intersect in a finite number of points,
including the origin, and such that dim(Y )+dim(Z) = d. Let f be a nonzero
function on Ank that vanishes to order m and n along Y and Z, respectively.
Without loss of generality, assume that m ≥ n. Let p and q be the prime
ideals of S defining Y and Z, respectively, and let m = (X1, . . . , Xd)S. The
function f is an element of p(m) by Zariski’s Main Lemma, and it is an element
of q by assumption. It follows from Theorem 1.4 that
f ∈ S ∩mm+1Sm = m(m+1) = mm+1.
In other words, f vanishes to order at least m+1 at the origin. Although this
does not answer Question 1.3, it at least demonstrates that the assumption
dim(Y ) + dim(Z) = d implies greater order of vanishing than demonstrated
in Example 1.1.
In considering Conjecture 1.5 with Question 1.3 in mind, one might be
tempted to ask why the conjecture is not more symmetric. (This is, of course,
an easy question to ask in light of the discussion above. However, one might
also be led to this question by observing the symmetry of the intersection
multiplicity χ and its relevance to the conjecture via Theorem 1.4.) The main
reason is that the evidence that led to the formulation of the conjecture was
Theorem 1.4, and at the time there was no similar result suggesting stronger
results for p(m) ∩ q(n). In addition, one notices that the proof of Theorem 1.4
is not symmetric, as one of the first steps is to take a regular alteration
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of Spec(R/p)1 and pass to a closely related projective scheme. Therefore,
Kurano and Roberts did not necessarily expect a symmetric result.
As the earlier discussion indicates, though, we do consider a more sym-
metric intersection in the current paper. More specifically, under the hy-
potheses of Conjecture 1.5, we ask whether the containment p(m) ∩ q(n) ⊆
mm+n holds. In one of our main results we answer this question in the affir-
mative for rings containing an arbitrary field. More specifically, we have the
following.
Theorem 2.3 Let (R,m) be a regular local ring containing a field and p and q
prime ideals of R such that
√
p+ q = m and dim(R/p)+dim(R/q) = dim(R).
Then p(m) ∩ q(n) ⊆ mm+n for all m,n ≥ 1.
As an immediate consequence of this result, we are able to answer Ques-
tion 1.3 in the affirmative.
Theorem 2.3 is established by proving the following generalization of
Serre’s Intersection Theorem for nonregular rings and applying it to the hy-
persurface R/fR where f is an element of p(m) ∩ q(n).
Theorem 2.2 Let (A, n) be a quasi-unmixed local ring and assume that one
1A regular alteration of Spec(R/p) is similar to a resolution of singularities: it is a
projective morphism φ : X → Spec(R/p) where X is a regular scheme. Regular alter-
ations are weaker than resolutions of singularities because they do not necessarily induce
isomorphisms on the fields of rational functions, only finite extensions. However, unlike
resolutions of singularities, they are known to exist for rings essentially of finite type over
a field (of arbitrary characteristic) or a complete discrete valuation ring, by the work of de
Jong [3]. The existence of regular alterations is key to Gabber’s proof of the nonnegativity
conjecture.
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of the following conditions holds.
1. Ared contains a field, or
2. A is a ring of mixed-characteristic such that the residual characteristic
p is part of a reductive system of parameters of A.
Let P and Q be prime ideals in A such that both A/P and A/Q are an-
alytically unramified,
√
P +Q = n, and e(A) < e(AP ) + e(AQ). Then
dim(A/P ) + dim(A/Q) ≤ dim(A).
When we say that A is quasi-unmixed, we mean that every irreducible
component of the completion A∗ has the same dimension, that is, that A∗ is
equidimensional. By a theorem of Ratliff [17], this is equivalent to A being
equidimensional and universally catenary. The ring Ared is the reduced ring
A/nil(A), and e(A) is the Hilbert-Samuel multiplicity of A. A reductive sys-
tem of parameters for A is a system of parameters that generates a reduction
of n. (See Section 2 for complete definitions and relevant properties.) Briefly,
the connection between Theorems 2.2 and 2.3 is the fact that, if 0 6= f ∈ p,
then e(Rp/fRp) = m if and only if f ∈ p(m) r p(m+1).
This leads us to consider two conjectural generalizations of Serre’s In-
tersection Theorem. Each statement generalizes a question about symbolic
powers of prime ideals in regular local rings. We list the conjectures here
with the corresponding conjectures for symbolic powers.
Conjecture 1.6. Let (A, n) be a quasi-unmixed local ring with prime ideals
P and Q such that
√
P +Q = n. Also, let (R,m) be a regular local ring with
prime ideals p and q such that
√
p+ q = m and dim(R/p) + dim(R/q) =
dim(R). Then
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(SP-1) p(m) ∩ q ⊆ mm+1 for all m ≥ 1.
(SP-2) p(m) ∩ q(n) ⊆ mm+n for all m,n ≥ 1.
(ID-1) If e(A) = e(AP ) and A/P is analytically unramified, then
dim(A/P ) + dim(A/Q) ≤ dim(A).
(ID-2) If e(A) < e(AP ) + e(AQ) and both A/P and A/Q are analytically
unramified, then
dim(A/P ) + dim(A/Q) ≤ dim(A).
We immediately observe that (ID-1) and (ID-2) are conjectural general-
ization of Serre’s Intersection Theorem. This is due to the fact that, if A
is regular then e(A) = e(AP ) = e(AQ) = 1. Conjecture (SP-1) and (ID-1)
have been verified for rings containing an arbitrary field and for a number of
special cases in [12, 21, 22], and Theorems 2.3 and 2.2 of the present paper
imply that (SP-2) and (ID-2) are true for rings containing fields.
We note that ours are not the first efforts made to generalize Serre’s Inter-
section Theorem to nonregular rings. Of course, there is the landmark paper
of Peskine and Szpiro [16], as well as the more recent work of Simon [24].
Below, we discuss the reasons for the technical assumptions in Conjec-
ture 1.6. Before we do so, we discuss the relations between the individual
conjectures. Obviously, (SP-2) implies (SP-1). If (ID-2) holds for all com-
plete hypersurfaces, then (SP-2) holds for all regular local rings. To see this,
pass to the completion R∗ of R and apply (ID-2) as in the proof of The-
orem 2.3. Similarly, if (ID-1) is true for all complete hypersurfaces, then
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(SP-1) is true for all regular local rings. Clearly (ID-2) implies (ID-1) when
A/Q is analytically unramified, because e(AQ) > 0 and e(AP ) = e(A) imply
that e(A) < e(AP ) + e(AQ). It is straightforward to reduce (ID-1) to the
case of a complete domain—we perform this reduction explicitly for (ID-2)
in the proof of Theorem 2.2—and it follows that (ID-2) implies (ID-1). We
summarize the implications is the following diagram.
(ID-2) ==⇒ (SP-2)
(ID-1)

www
==⇒ (SP-1)

www
By Theorem 1.4, Serre’s Positivity Conjecture implies (SP-1) for ramified
rings. At this time, we do not know whether positivity implies (SP-1) for
unramified rings or any of the other conjectures in any case of mixed charac-
teristic. In addition we do not know whether any of these conjectures imply
Serre’s Positivity Conjecture.
Here we discuss the technical assumptions of Conjecture 1.6. It is easy
to find examples to show why R must be regular,
√
p+ q must equal m, and
dim(R/p) + dim(R/q) must equal dim(R). Similarly, one sees that
√
P +Q
must equal n. The ring A must be equidimensional in (ID-1) and (ID-2),
by considering A = k[[X, Y, Z]]/(XY,XZ) and letting P and Q be the min-
imal primes of A. In [22] Example 6.5, we give an example showing that
A should be at least catenary. We may or may not need the full strength
of quasi-unmixed, that is, equidimensional and universally catenary. In our
arguments, where we pass to the completion, we need the completion to be
equidimensional. If A is excellent and equidimensional, then it is automatic,
so we do not consider this assumption too restrictive.
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When we wish to use e(AP ), we assume that A/P is analytically unram-
ified. By this, we mean that the completion (A/P )∗ = A∗/PA∗ is reduced,
or in other words, the ideal PA∗ is an intersection of prime ideals of A∗.
The purpose of this assumption is to guarantee that the multiplicity is well-
behaved under localization. More specifically, we require that the multiplicity
not increase after localizing. Our guarantee is from Nagata [14] (40.1).
Theorem 1.7. Let P be a prime ideal of a local ring A. If A/P is analyti-
cally unramified and if ht (P ) + dim(A/P ) = dim(A), then e(AP ) ≤ e(A).
Regarding the analytically unramified assumption, Nagata [14] (Appendix
A2) wrote the following. “It is not yet known to the writer’s knowledge
whether or not (40.1) is true without assuming that P is analytically un-
ramified.” (The statement “P is analytically unramified” means “A/P is
analytically unramified.”) If it is shown that this condition can be omitted
from the statement of Theorem 1.7, then the corresponding conditions should
probably be omitted from Conjectures (ID-1) and (ID-2). For now, however,
we leave them intact, especially because our arguments (in which we pass to
the completion) depend on the assumptions. As with the quasi-unmixedness
assumption, if A is excellent then A/P is guaranteed to be analytically un-
ramified, so this is not an unbearable restriction.
Acknowledgments: I am grateful to S. Dutta, P. Griffith, G. Leuschke
and A. Singh for their helpful comments and suggestions.
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2 The Main Results
Before we verify the conjectures for rings containing fields, we give some
definitions and background results. An excellent reference for multiplicity-
theoretic results is Herrmann, Ikeda and Orbanz [6].
If (A, n) is a local ring and M is a nonzero, finitely generated A-module
of dimension d and I is an ideal of A such thatM/IM has finite length, then
the Hilbert function P (n) = ℓA(M/I
n+1M) is a polynomial of degree d for
n≫ 0. The Hilbert-Samuel multiplicity is the positive integer eA(I,M) such
that P (n) = 1
d!
eA(I,M)n
d + (lower degree terms). When there is no danger
of confusion, we shall write e(I,M). If I = n, we write eA(M) or e(M).
Regarding the Hilbert-Samuel multiplicity, we shall use the following facts
freely and possibly without reference.
1. (Associativity Formula) Let A be a local ring with finitely generated
module M . Then
eA(M) =
∑
P
ℓ(MP )e(A/P ) (1)
where the sum is taken over all prime ideals P in the support of M
such that dim(A/P ) = dim(M). In particular, this sum is finite.
2. Let (R,m) be a local ring contained in a ring A such that the extension
R →֒ A is module-finite. Then A is a semilocal ring, say with maximal
ideals n1, . . . , nn, such that dim(A) = dim(R) and each ni ∩ R = m.
Then
eR(m, A) =
∑
i
[A/ni : R/m]eAni(mAni , Ani) (2)
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where the sum is taken over all indices i such that ht (ni) = dim(A).
3. Let R be a Noetherian ring contained in a ring A such that the ex-
tension R →֒ A is module-finite, and let s be a prime ideal of R. Let
{S1, . . . , Sj} be the set of prime ideals of A such that Si ∩ R = s and
ht (Si) = ht (s). Then
eRs(sRs, As) =
j∑
i=1
[κ(Si) : κ(s)]eASi(sASi, ASi) (3)
where κ(s) is the residue field of Rs and similarly for κ(Si).
4. Let A → A′ be a flat, local homomorphism of local rings (A, n) and
(A′, n′) such that nA′ = n′. Then e(A′) = e(A).
5. Let A be a local domain and I an ideal of A such that A/I has finite
length. If M is an A-module of positive rank r, then
eA(I,M) = eA(I, A) · r. (4)
Property 1 is Bruns and Herzog [2] Corollary 4.7.8. Property 2 is Na-
gata [14] (23.1). Property 3 is simply (2) applied to the extension Rs→ As.
Property 4 is Herzog [7] Lemma 2.3. And property 5 is Matsumura [13]
Theorem 14.8.
The following is the most important tool used to prove out main results.
Lemma 2.1. Let (A, n) be an equidimensional, catenary local ring contain-
ing a catenary local domain (R,m) such that the extension R →֒ A is module-
finite. Let P and Q be prime ideals of A such that
√
P +Q = n and both
A/P and A/Q are analytically unramified, and let p = P ∩R and q = Q∩R.
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Assume that the quotient R/s is analytically unramified for every prime ideal
s ⊃ p+ q. If eR(m, A) < e(AP ) + e(AQ), then √p+ q = m.
If R is an excellent local domain and A is equidimensional, then A is
also excellent. In this case, A is automatically catenary and the quotients
A/P , A/Q and R/s are guaranteed to be analytically unramified. In our
applications, both A and R will in fact be complete, so the reader is free to
assume either of these stronger conditions.
Proof. Let s be a prime ideal of R such that p + q ⊆ s. To show that
√
p+ q = m, it suffices to show that s = m. By the going-up property for
integral extensions, fix prime ideals S1 and S2 of A such that S1 ⊇ P , S2 ⊇ Q
and S1∩R = S2∩R = s. To show that s = m, it suffices to show that S1 = S2
because then S1 ⊇ P +Q so that S1 = n and s = S1 ∩R = n ∩ R = m.
Suppose that S1 6= S2. We first observe that, for every prime S of A
such that S ∩ R = s, we have ht (S) = ht (s). This is due to the fact that,
by integrality dim(R/s) = dim(A/S), and the catenary and equidimensional
assumptions imply that ht (S) = dim(A)− dim(A/S) and similarly for s. In
particular, ht (Si) = ht (s) for i = 1, 2. Thus
e(AP ) + e(AQ) > eR(m, A) = rankR(A)e(R) (by (4))
≥ rankRs(As)e(Rs) (by Theorem 1.7)
= eRs(sRs, As) (by (4))
=
∑
S∩R=s
[κ(S) : κ(s)]eAS(sAS, AS)
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(where the sum is taken over all primes S of A contracting to s in R, by (3))
≥ e(sAS1 , AS1) + e(sAS2 , AS2)
≥ e(S1AS1 , AS1) + e(S2AS2 , AS2)
= e(AS1) + e(AS2).
By [14] (36.8) the rings AS1/PAS1 and AS2/QAS2 are analytically unramified.
Therefore, Theorem 1.7 implies that
e(AP ) + e(AQ) > e(AS1) + e(AS2) ≥ e(AP ) + e(AQ).
This clearly gives a contradiction.
Given two ideals I ⊇ J in a ring A, we say that J is a reduction of I if
there is a positive integer n such that In+1 = JIn. If (A, n) is local and I
is a reduction of n, then e(I, A) = e(A). If A is local with infinite residue
field, then there is a system of parameters of A that generates a reduction of
n (c.f., Northcott and Rees [15]). We shall call such a system of parameters
a reductive system of parameters of A. If A has infinite residue field then
Herrmann, Ikeda and Orbanz [6] Proposition 10.17 says that an element x is
part of a reductive system of parameters of A if and only if the initial form
of x in the associated graded ring grn(A) is part of a homogeneous system of
parameters of grn(A).
The following theorem shows that (ID-2) holds for rings containing a field
and for a certain class of mixed-characteristic rings.
Theorem 2.2. Let (A, n) be a quasi-unmixed local ring and assume that one
of the following conditions holds.
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1. Ared contains a field, or
2. A is a ring of mixed-characteristic such that the residual characteristic
p is part of a reductive system of parameters of A.
Let P and Q be prime ideals in A such that both A/P and A/Q are an-
alytically unramified,
√
P +Q = n, and e(A) < e(AP ) + e(AQ). Then
dim(A/P ) + dim(A/Q) ≤ dim(A).
In the proof of this result we demonstrate that (ID-2) need only be verified
for complete domains with infinite residue fields.
Proof. Step 1. Pass to the ring A(X) = A[X ]nA[X] to assume that the residue
field of A is infinite. Let n(X) = nA(X), P (X) = PA(X) and Q(X) =
QA(X). Then A(X) is a local ring with maximal ideal n(X). If Ared contains
a field, then the same is true of A(X)red. If the sequence p, x2, . . . , xd is a
reductive system of parameters of A, then the same sequence is a reductive
system of parameters of A(X) since for some t,
n(X)t+1 = nt+1A(X) = (p, x2, . . . , xd)n
tA(X).
Multiplicities are preserved by property 5 at the beginning of this section.
That is, e(A(X)) = e(A), e(A(X)P (X)) = e(AP ) and e(A(X)Q(X)) = e(AQ).
Both rings A(X)/P (X) and A(X)/Q(X) are analytically unramified by Na-
gata [14] (36.8). Thus, if the result holds in A(X), then
dim(A/P ) + dim(A/Q) = dim(A(X)/P (X)) + dim(A(X)/Q(X))
≤ dim(A(X)) = dim(A)
as desired.
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Step 2. Pass to the completion (A∗, n∗) to assume that A is complete and
equidimensional with infinite residue field. Let P ∗ be a prime ideal of A∗ that
is minimal over PA∗ such that ht (P ∗) = ht (P ), and similarly for Q∗. Since
A/P is analytically unramified, PA∗P ∗ = P
∗A∗P ∗ . The fact that the extension
AP → A∗P ∗ is flat therefore implies that e(A∗P ∗) = e(AP ) by property 5 at the
beginning of this section. Similarly, e(A∗Q∗) = e(AQ). If Ared contains a field,
then the same is true of (A∗)red. If the sequence p, x2, . . . , xd is a reductive
system of parameters of A, then the same sequence is a reductive system of
parameters of A∗, as in the previous step. If the result holds for A∗, then it
holds for A, as in the previous step.
Step 3. Pass to the quotient A/I for a suitably chosen minimal prime I, to
assume that A is a complete domain with infinite residue field, and that either
A itself contains a field or A satisfies hypothesis 2 in the statement of the
theorem. To make this reduction, it suffices to verify that there is a minimal
prime I of A contained in P∩Q such that e(A/I) < e(AP/IAP )+e(AQ/IAQ).
First, we show how this gives the desired reduction. Let A′ = A/I with
prime ideals n′ = nA′, P ′ = PA′ and Q′ = qA′. If Ared contains a field,
then A′ contains a field since A′ is a quotient of Ared. If the sequence
p, x2, . . . , xd is a reductive system of parameters of A, then the same se-
quence is a reductive system of parameters of A′, as in Step 2. Since A is
equidimensional, dim(A′) = dim(A). And since I ⊆ P ∩ Q, it follows that
dim(A′/P ′) = dim(A/P ) and dim(A′/Q′) = dim(A/Q). Therefore, as in
Step 1, we may pass to A′.
Now we prove that such a minimal prime I exists. Let {I1, . . . , Ig} =
min(A). Suppose that e(A/Ij) ≥ e(AP/IjAP )+e(AQ/IjAQ) for every j such
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that Ij ⊆ P ∩Q. (This supposition includes the hypothetical possibility that
no Ij is contained in P ∩ Q.) By Theorem 1.7, e(AP/IjAP ) ≤ e(A/Ij) for
every Ij contained in P , and similarly for Ij contained inQ. The Associativity
Formula then implies that
e(AP ) + e(AQ) =
∑
Ij⊆P
e(AP/IjAP )ℓ(AIj) +
∑
Ij⊆Q
e(AQ/IjAQ)ℓ(AIj)
=
∑
Ij⊆P
Ij 6⊆Q
e(AP/IjAP )ℓ(AIj) +
∑
Ij⊆Q
Ij 6⊆P
e(AQ/IjAQ)ℓ(AIj)
+
∑
Ij⊆P∩Q
[e(AP/IjAP ) + e(AQ/IjAQ)]ℓ(AIj )
≤
∑
Ij⊆P
Ij 6⊆Q
e(A/Ij)ℓ(AIj) +
∑
Ij⊆Q
Ij 6⊆P
e(A/Ij)ℓ(AIj)
+
∑
Ij⊆P∩Q
e(A/Ij)ℓ(AIj)
≤
∑
j
e(A/Ij)ℓ(AIj)
= e(A).
This clearly contradicts the assumption that e(A) < e(AP ) + e(AQ). Thus,
there is a minimal prime I of A such that I ⊆ P ∩ Q and e(A/I) <
e(AP/IAP ) + e(AQ/IAQ), as claimed.
Step 4. We prove the result assuming that A is a complete domain with
infinite residue field. If A contains a field, let x1, . . . , xd be a reductive system
of parameters of A, k a coefficient field of A, R = k[[x1, . . . , xd]], and m =
(x1, . . . , xd)R. If A has mixed characteristic, then by assumption there is a
reductive system of parameters p, x2, . . . , xd of A. By the Cohen Structure
Theorem there is a complete discrete valuation ring (V, pV ) contained in A
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such that the induced map on residue fields is an isomorphism. In this case,
let R = V [[x2, . . . , xd]] and m = (p, x2, . . . , xd)R. Note that, in either case
R is a regular local ring contained in A such that the extension R → A
is module-finite. The maximal ideal of R is m and the extension ideal mA
is a reduction of n. Furthermore, the induced maps on residue fields is an
isomorphism. Therefore,
eR(m, A) = [A/n : R/m]eA(mA,A) (by (2))
= eA(n, A) = e(A) < e(AP ) + e(AQ).
If p = P ∩R and q = Q∩R, then Lemma 2.1 implies that √p+ q = m, and
Serre’s Intersection Theorem implies that
dim(A/P ) + dim(A/Q) = dim(R/p) + dim(R/q) ≤ dim(R) = dim(A).
This completes the proof.
The following theorem is one of our main results and our main application
of Theorem 2.2.
Theorem 2.3. Let (R,m) be a regular local ring containing a field and p
and q prime ideals of R such that
√
p+ q = m and dim(R/p) + dim(R/q) =
dim(R). Then p(m) ∩ q(n) ⊆ mm+n for all m,n ≥ 1.
Proof. Fix a nonzero element f ∈ p(m) ∩ q(n) and without loss of generality,
assume that f 6∈ p(m+1) and f 6∈ q(n+1). Let A = R/fR with maximal
ideal n = mA and prime ideals P = pA and Q = qA. If f 6∈ mm+n, then
e(A) < m+ n = e(AP ) + e(AQ). Theorem 2.2 implies that
dim(R/p) + dim(R/q) = dim(A/P ) + dim(A/Q) ≤ dim(A) = dim(R)− 1
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which gives a contradiction.
It is now straightforward to answer Question 1.3 in the affirmative, and
we do so explicitly in the following corollary.
Corollary 2.4. Let k be an algebraically closed field of characteristic 0, and
Y and Z closed subvarieties of Adk that intersect at finitely many points, in-
cluding the origin, and such that dim(Y ) + dim(Z) = d. If f is a nonzero
regular function on Adk vanishing along Y and Z to orders m and n, respec-
tively, then f vanishes to order at least m+ n at the origin.
Proof. Let p and q be the prime ideals of R = k[X1, . . . , Xd] such that
Y = V (p) and Z = V (q), and let m = (X1, . . . , Xd)R. The aforementioned
result of Zariski implies that f is an element of p(m) ∩ q(n). Passing the the
regular local ring Rm we have
f ∈ p(m)Rm ∩ q(n)Rm = (pRm)(m) ∩ (qRm)(n) ⊆ (mRm)m+n = mm+nRm
which implies that f is in the ideal m(m+n) = mm+n, as desired.
In the following corollary we state an immediate generalization of The-
orem 2.3. It is easy to see that the corresponding result for mixed charac-
teristic will hold once we verify (SP-2) for such rings. Recall that a (not
necessarily local) Noetherian ring is said to be regular if the localization at
every maximal ideal is a regular local ring.
Corollary 2.5. Let R be a regular ring containing a field with prime ideals
p1, . . . , pt. Let m be a minimal prime ideal of p1 + · · ·+ pt and assume that
ht (m) =
∑
i ht (pi). Then,
p
(n1)
1 ∩ · · · ∩ p(nt)t ⊆ m(
∑
i ni)
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for all n1, . . . , nt ≥ 1.
One version of Serre’s Intersection Theorem states that, since m is min-
imal over
∑
i pi, ht (m) ≤
∑
i ht (pi). Thus, the assumption that ht (m) =
∑
i ht (pi) simply assures that ht (m) is as large as possible.
Proof. By passing to the localizationRm, we assume without loss of generality
that R is regular local with maximal ideal m. We prove the result in this
case by induction on t. When t = 1, the result is trivial. When t = 2, this is
exactly Theorem 2.3. Assume now that t ≥ 3. Fix a prime ideal s minimal
over
∑
i≥2 pi. Then by Serre’s Intersection Theorem, ht (s) ≤
∑
i≥2 ht (p1).
Since p1 + s is m-primary,
∑
i≥1 ht (p1) = ht (m) ≤ ht (p1) + ht (s) and it
follows that ht (s) =
∑
i≥2 ht (p1). Therefore, by induction
p
(n1)
1 ∩ · · · ∩ p(nt)t ⊆ p(n1)1 ∩ s(
∑
i≥2 ni) ⊆ m(
∑
i≥1 ni)
as desired.
In the following corollary, similar to Theorem 2.3, we give a partial veri-
fication of (SP-2) in the unramified case of mixed-characteristic.
Corollary 2.6. Let (R,m, k) be an unramified regular local ring of mixed-
characteristic p. Let p and q be prime ideals of R such that
√
p+ q = m and
dim(R/p) + dim(R/q) = d and fix a nonzero element f ∈ p(m) ∩ q(n). In the
associated graded ring grm(R), let the initial forms of f and p be denoted by
F and P , respectively. If F is not divisible by P , then f ∈ mm+n.
Proof. By passing to the completion R∗of the ring R(X) = R[X ]mR[X],
we may assume without loss of generality that R is complete with infi-
nite residue field. The only nontrivial observation is that, if grm(R) =
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k[P,X1, . . . , Xd], then the associated graded rings of both R(X) and R
∗
are k(X)[P,X1, . . . , Xd]. If P does not divide F in k[P,X1, . . . , Xd], then
the same is true in k(X)[P,X1, . . . , Xd].
The remainder of the proof is similar to that of Theorem 2.3. The only
difference is that, in the application of Theorem 2.2 we must verify that p
is part of a reductive system of parameters of A = R/fR. Note that the
associated graded ring of A is grn(A) = k[P,X2, . . . , Xd]/(F ). The fact that
k is infinite and P does not divide F implies that P is part of a homogeneous
system of parameters of degree 1 for grn(A). As noted in the discussion
preceding Theorem 2.2, this implies that p is part of a reductive system of
parameters of A. Thus, Theorem 2.2 applies.
3 Special Cases
We quickly demonstrate three special cases where (SP-2) holds. First, we
prove the case when one of the ideals is generated by part of a regular system
of parameters of R.
Proposition 3.1. Let (R,m) be a regular local ring with prime ideals p and
q such that
√
p+ q = m and dim(R/p) + dim(R/q) = dim(R). If R/p is
regular, then p(m) ∩ q(n) ⊆ p(m)mn ⊆ mm+n for all m,n ≥ 1.
Proof. Since R/p is regular, p is generated by elements x1, . . . , xh that form
part of a regular system of parameters of R. Complete this to a regular
system of parameters x = x1, . . . , xh, . . . , xd for R. The fact that x is a
regular sequence and R is Cohen-Macaulay implies that p(m) = pm for all
m ≥ 1.
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It suffices to show that p(m) ∩ q(n) ⊆ mm+n for all m,n ≥ 1. To see that
this is sufficient, observe that, because p is generated by part of the regular
sequence that generates m,
p
(m)
m
n−1 ∩mm+n = p(m)mn
even when n = 1. The desired sufficiency now follows by induction on n.
By passing to the ring R(X) = R[X ]mR[X] as in the proof of Theorem 2.2,
we may assume without loss of generality that the residue field of R is infinite.
We prove that p(m) ∩ q(n) ⊆ mm+n by induction on h. If h = 0 or h = 1 then
p is principal. Since q is prime, it is straightforward to show that, in either
of these cases, p(m) ∩ q(n) = pmq(n) ⊆ mm+n.
Now assume that h ≥ 2. Since R/m is infinite, we choose an infinite
sequence a1, a2, . . . ∈ R such that the residues ai of the ai modulo m are
all distinct. Let yi = x1 + aix2 ∈ p and for each i choose a prime ideal qi
containing q and yi such that ht (qi) = ht (q) + 1. The quotient Ri = R/yiR
with prime ideals pRi and qiRi satisfies the induction hypothesis. Suppose
that f is a nonzero element of p(m) ∩ q(n) ⊆ p(m) ∩ q(n)i . Then the residue of
f in Ri is in (pRi)
(m) ∩ (qiRi)(n) ⊆ (mRi)m+n so that f ∈ yiR + mm+n for
every i. The associated graded ring of R is the polynomial ring grm(r) =
k[X1, . . . , Xd] where Xi is the initial form of xi. If f 6∈ mm+n, then the
fact that f is in the ideal yiR + m
m+n for every i implies that the initial
form F of f in grm(R) is divisible by the initial form of yi. That is, F is
divisible by Yi = X1 + aiX2 for every i. Since the ai are all distinct in R/m,
the Yi all generate distinct prime ideals in k[X1, . . . , Xd]. Thus, F has an
infinite number of distinct, irreducible factors, contradicting the fact that
k[X1, . . . , Xd] is a unique factorization domain.
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In the following proposition, we verify (SP-2) when p and q are both
generated by regular sequences. We say that an ideal I in a ring A is unmixed
if dim(A/P ) = dim(A/I) for every P ∈ Ass(A/I). In this case, we define
the nth symbolic power of I to be
I(n) = ∩P (InAP ∩ A)
where the intersection is taken over all associated primes P of A/I. If I is
prime, this agrees with the standard definition of symbolic powers. If A is
Cohen-Macaulay and I is generated by a regular sequence, then I is unmixed,
and for all n ≥ 1, I(n) = In and A/In is Cohen-Macaulay.
Proposition 3.2. Let (R,m) be a regular local ring with ideals I and J such
that
√
I + J = m and dim(R/I) + dim(R/J) = dim(R). If both I and J
are generated by regular sequences, then I(m) ∩ J (n) = ImJn ⊆ mm+n for all
m,n ≥ 1.
Proof. By assumption, R/I(m) andR/J (n) are Cohen-Macaulay modules such
that dim(R/I(m))+dim(R/J (n)) = dim(R). By Serre [23] Corollary to Theo-
rem 4 in Chapter V, we know that Tori(R/I
(m), R/J (n)) = 0. By Rotman [20]
Corollary 11.27 (iii),
(I(m) ∩ J (n))/ImJn = (Im ∩ Jn)/ImJn = Tor1(R/Im, R/Jn) = 0
and it follows that (I(m) ∩ J (n)) = ImJn ⊆ mm+n.
In the following proposition, we verify (SP-2) for graded primes in a
polynomial algebra.
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Proposition 3.3. Let p be a prime number, (T, pT ) a discrete valuation
ring, R = T [X1, . . . , Xd] with the standard grading, and m = (p,X1, . . . , Xd)R.
Let p and q be homogeneous prime ideals of R such that
√
p+ q = m and
dim(R/p) + dim(R/q) = d+ 1. Then p(m) ∩ q(n) ⊆ mm+n for all m,n ≥ 1.
Proof. By passing to the ring R(Y ) = T (Y )[X1, . . . , Xd] as in our previous
arguments, we may assume without loss of generality that T has infinite
residue field. The ordinary power pm is a homogeneous ideal, so that its
p-primary component p(m) is also homogeneous. Similarly, q(n) is also ho-
mogeneous. Therefore, to check the desired inclusion, we need only check
homogeneous elements. Let f be a homogeneous element of p(m)∩q(n). Write
f as a product f = psf1 · · · ft where each fi is a nonconstant, irreducible,
homogeneous polynomial of degree di.
Because p and q are homogeneous and
√
p+ q = m, it is straightforward
to show that p is an element of either p or q. We assume without loss of
generality that p ∈ p. Then ps ∈ p(s) r p(s+1). By Serre’s Intersection
Theorem applied to the ring R/pR, our assumptions imply that p can not
be in both p and q.
Let ei = max{e : fi ∈ p(e)} and e′i = max{e : fi ∈ q(e)} for i = 1, . . . , t.
Then, s+
∑
i ei ≥ m,
∑
i e
′
i ≥ n, and each fi ∈ p(ei)∩q(e′i). If each fi ∈ mei+e′i
(this is automatic if either ei = 0 or e
′
i = 0) then
f = psf1 · · · ft ∈ ms+
∑
i(ei+e
′
i) ⊆ mm+n
as desired. Thus, we may assume without loss of generality that f is irre-
ducible and not divisible by p. In particular, f has positive degree and some
monomial term of f has unit coefficient. This implies that, in the associated
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graded ring of the localization Rm, the initial form of f has a monomial term
with unit coefficient. Therefore, by Corollary 2.6 f ∈ m(m+n) = mm+n.
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